In this study, approximate analytical solution of Schrödinger, Klein-Gordon and Dirac equations under the Tietz-Wei (TW) diatomic molecular potential are represented by using an approximation for the centrifugal term. We have applied three types of eigensolution techniques; the functional analysis approach (FAA), supersymmetry quantum mechanics (SUSYQM) and asymptotic iteration method (AIM) to solve Klein-Gordon, Dirac and Schrödinger equations, respectively. The energy eigenvalues and the corresponding eigenfunctions for these three wave equations are obtained and some numerical results and figures are reported. It has been shown that these techniques yielded exactly same results. some expectation values of the TW diatomic molecular potential within the framework of the Hellmann-Feynman theorem (HFT) have been presented. The probability distributions which characterize the quantum-mechanical states of TW diatomic molecular potential are analyzed by means of complementary information measures of a probability distribution called the Fishers information entropy. This distribution has been described in terms of Jacobi polynomials, whose characteristics are controlled by the quantum numbers.
Introduction
During the past decades, solutions of wave equations in relativistic and non-relativistic quantum mechanics have received great attention. Whether in the relativistic or non-relativistic regimes, the exact solutions are only possible for some special cases of interactions due to the inverse square centrifugal term appearing in the realistic three-dimensional space. Therefore, for many potential models one has to use some approximations for the centrifugal term.
Among these approximations, the frequently used Pekeris approximation [1, 2] introduces an exponential approximation to the centrifugal barrier. The TW diatomic molecular potential is one of those potentials which cannot be exactly solved. This potential was proposed as an intermolecular potential and is one of the best potential models considered to describe the vibrational energy of diatomic molecules [3, 4] .
In one of the interesting works of Gordillo-Vizquez and Kunc [5] , they derived radial probability distributions of diatomic molecules in excited rotational-vibrational states using the Bohr-Sommerfeld quantization rule and the Hamilton-Jacoby theory. They compared the obtained semiclassical distributions for the rotating Morse and TW oscillators, in a broad range of rotational and vibrational quantum numbers, with one another and with quantum-mechanical distributions obtained from numerical solution of the Schrödinger equation using an RydbergKlein-Rees (RKR) potential. In the recent years, Hamzavi et al [6] have presented energy eigenvalues and corresponding eigenfunctions in closed form. The authors present some remarks and numerical results for some diatomic molecules. Shortly thereafter, the bound state solutions of the relativistic Klein-Gordon equation with the TW diatomic molecular potential have been presented for the s wave by Sun and Dong [7] . It is shown that the solutions can be expressed by the generalized hypergeometric functions.
Apart from the works done on TW diatomic molecular potential, many authors have solved the Schrödinger equation in various potential fields [8] - [22] . Despite all several worthy attempt in solving Schrödinger equation with several model potentials, the basic information-theoretic quantities remain to be computed. This is because of the lack of knowledge in the informationtheoretic properties of special functions. In this paper, our aim is to solve the nonrelativistic Schrödinger equations under the TW diatomic molecular potential by via the AIM, by considering the Pekeris approximation. We have also calculated some expectation values corresponding to the TW diatomic molecular potential for diatomic molecules using the Hellmann-Feynman theorem.
We proceed further to study the TW diatomic molecular potential within the framework of relativistic Klein-Gordon and Dirac equation. Schrödinger's original equation was taken up by Klein and Gordon, and eventually turned out to be a relativistic equation for bosons (i.e. particles with integer spin). It is worth to be noted that the Klein-Gordon equation correctly describes the spinless pion 5 . This equation predicts the hydrogen atom's fine structure incorrectly, including overestimating the overall magnitude of the splitting pattern by a factor of 4n/(2n-1) for the n-th energy level.
On the other hand, Dirac equation was found by Paul Dirac some decades ago. This equation provided a description of elementary spin-1/2 particles, such as electrons, consistent with both the principles of quantum mechanics and the theory of special relativity, and made relativistic corrections to quantum mechanics [23, 24] . It accounted for the fine structure of the hydrogen spectrum in a rigorous way. The equation also implied the existence of a new form of matter, antimatter, previously unsuspected and unobserved, later discovered experimentally. It also provided a theoretical justification for the introduction of several-component wave functions in Pauli's phenomenological theory of spin. This equation have received a lot of interest from several authors in both Theoretical Physics, Nuclear Physics and related areas. In this, study these relativistic equations with TW diatomic molecular potential have also been studied extensively.
Furthermore, the probability distributions are analyzed by means of complementary information measures of a probability distribution called as the Fishers information entropy. Given a normalized-to-unity (probability) density ρ on ℜ, we can define several functions of ρ measuring the uncertainty or information content associated with this density. Thus, Fisher information is a derivative functional of the density, so that it is very sensitive to local rearrangements of ρ. Applications to a large variety of problems in theoretical physics have received a strong impulse when it was realized that the spatial distribution of the single-particle probability density ρ( r) of a many-particle system, which is the basic variable of the density functional theory [25, 26, 27, 28] can be quantitatively measured by its translationally invariant Fisher information in a different and complementary manner as the Shannon entropy. Both quantities characterize the information theoretic content of the density ρ( r) which describes the physical state under consideration [28] . The Fisher information has been used in present study to analyze probability distribution of the approximate solution obtained for the TH diatomic molecular potential.
The organization of this paper is as follows: in the next section we briefly introduce FAA, SUSYQM and AIM. In section 3, the non-relativistic solutions of Schrödinger equation with the TW diatomic molecular potential are presented and some expectation values are reported.
We have obtained the energy eigenvalues and the wave functions of the Klein-Gordon and Dirac equations in section 4. Information-theoretic measures for TW diatomic molecular potential is given in section 5. Section 6 present the numerical discussions and finally, our conclusion is given in section 3.
Eigensolution techniques
In quantum mechanics, while solving relativistic and nonrelativistic wave equation in the pres- 
after which an appropriate coordinate transformation of the form s = s(r) has been used. In other to find energy eigenvalues and the wavefunction (eigensolution) of the second-order homogeneous linear differential equations of the above form, there have been several eigensolution techniques developed to exactly solve the quantum systems. Some of this techniques include the AIM [29] - [51] , Feynman integral formalism [52, 53, 54] , FAA [55, 56, 57, 58, 59, 60] , exact quantization rule method [61, 62, 63, 64, 65, 66] , proper quantization rule [67, 68] , NikiforovUvarov (NU) method [69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79] , SUSYQM [80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 92, 93, 94, 95, 96] , the ansatz method [97, 98, 99, 100] , etc.
The beauty about these techniques is that when they are apply to solve equation of the form
(1), they yield exactly the same eigensolution results, despite the fact that the calculation approaches varies from one techniques to the other. In this work we focus our attention unto approaches infinity unless a is a negative integer (i.e a = −n). This method have been employed by alot of researchers to obtain eigensolution of quantum mechanical problems in both relativistic and non relativistic case [55, 56, 57, 58, 59, 60] For some decades ago, the ideas of SUSYQM have been applied to alot of quantum mechanical problems (both in the relativistic and nonrelativistic case). In 1982, path integral formulation of SUSYQM was first given by Salomonson and van Holten [84] . There after, by using SUSY methods, some authors reveal that the tunneling rate through double well barriers could be accurately determined [101, 103, 104, 105] . In the recent years, there has been alot of efforts to extend the ideas of SUSYQM to higher dimensional systems as well as to systems with large numbers of particles with a motivation of understanding the potential problems of widespread interest in nuclear, atomic, statistical and condensed matter physics [80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95] . The concept of shape invariant potential was introduced within the framework of SUSYQM in 1983 by Gendenshtein [92] . Gendenshtein shows that for any shape invariant potential, the energy eigenvalue spectra could be obtained algebraically. Very recently, the bound-state spectra for some potentials with unbroken and broken supersymmetry are investigated by the quantization condition of AIM [106] .
The asymptotic iteration method (AIM) to find eigensolution of equation of the form (1) was introduced by Ciftci et al. [31, 32] in 2003 and 2005. Ever since then, it has been used in many physical systems to obtain the whole spectra [29] - [51] . The beauty about the method is that it reproduces exact solutions of many exactly solvable quantum systems and also gives accurate 5 result for the non solvable potentials such as sextic oscillator, deformed Coulomb potential, etc.
In the subsequent sections, we apply these three techniques to solve various quantum mechanical problems and shows that they yield exactly same results.
Nonrelativistic Solutions of Schrödinger equation with the TW diatomic molecular potential
It is well known that exact solutions play an important role in quantum mechanics since they contain all the necessary information regarding the quantum system under consideration.
In this section we obtain the bound states solution of the Schrödinger equation for the TW diatomic molecular potential. For this purpose we write the Schrödinger equation in three dimension as
where n and ℓ denote the radial and orbital angular momentum quantum numbers, r is the internuclear separation of the diatomic molecules, and E nℓ is the bound-state energy eigenvalues. The µ and V (r) represent the reduced mass and interaction potential respectively. By taking ψ(r, θ, φ) = r −1 U nℓ (r)Y ℓm (θ, φ), we can separate the above Schrödinger equation via the variable separable technique. Thus, we obtain the following radial Schrödinger equation:
3.1 Any ℓ−state solution of the radial Schrödinger equation with the TW diatomic molecular potential: Asymptotic iteration method
The TW diatomic molecular potential we examine in this study is defined as [5, 6, 7, 107 ]
with b h = β(1 − c h ), r e is the molecular bond length, β is the Morse constant, D is the potential well depth and c h is an optimization parameter obtained from ab initio or RydbergKlein-Rees (RKR). intramolecular potentials. When the potential constant approaches zero, Figure 1 : Shape of TW diatomic molecular potential for different diatomic molecules.
i.e. c h → 0, the TW potential reduces to the Morse potential [108] . The shape of this potential is shown in figure (1) for different molecules. Inserting this potential into the Schrödinger equation, the radial part of the Schrödinger equation takes the following form:
in which U nℓ (0) = 0 and lim r→∞ U nℓ (r) = 0. n and ℓ denote the principal quantum numbers and orbital angular momentum numbers and E nℓ is the bound state energy eigenvalues. In order to solve the above equation for ℓ = 0 states, we need to apply the following approximation scheme [6] to deal with the centrifugal term:
where α = b h r e , x = r−re re and D i is the parameter of coefficients i = 0, 1, 2 and they are obtained as follows: 
and N O X 2 Π r molecules for various n and rotational ℓ quantum numbers in TW diatomic molecular potential. 
2 X 2 Π g and N O + X 1 Σ + molecules for various n and rotational ℓ quantum numbers in TW diatomic molecular potential. By using approximation expression (6), the radial part of the Schrödinger equation with the TW diatomic molecular potential reduces to where we have introduced a new transformation of the form z = e −b h (r−re) ∈ (e α , 0) which maintained the finiteness of the transformed wave functions on the boundary conditions. By using the following transformation:
where
equation (8) is transformed into a more convenient second-order homogeneous linear differential equation which the solution can be found by using asymptotic iteration method [31, 32] 
where ς = c 2 h 
The primes of R nℓ (z) in equation (12) denotes derivatives with respect to z. The asymptotic aspect of the method for sufficiently large k is given as [31, 32] 
Equation (15) is refer as the recurrence relations [31, 51] . In accordance with asymptotic iteration method [31, 32] 
Thus, we can easily obtain the following simple arithmetic progressions: By finding the nth term of the above progression and inserting the values of p, q and ς, the energy eigenvalues turns out as
Let us now calculate the eigenfunction solution of this problem. Generally speaking, the differential equation we wish to solve should be transformed to the form that is suitable to Table 3 : Model parameters of the diatomic molecules studied in the present work. apply AIM [31, 32] : where Λ, b and m are constants. The general solution of equation (19) is found as [31, 32] where
By comparing equation (12) with (20), we can deduce that m = p − 1 2
, t = 2(p + q) and σ = 2p + 1. It is therefore straightforward to show that radial wave functions can be written as
where N nℓ is normalization constant is normalization factor to be calculated from the normalization condition By using equation (23) and the following two different forms of Jacobi polynomials [109, 110] 
then
Thus, the normalization constant can be found as where we have utilized the the following integral
Some expectation values for the TW diatomic molecular potential
In this section we calculate some expectation values of the TW diatomic molecular potential within the framework of the Hellmann-Feynman theorem (HFT) [111, 112, 113, 114, 115, 116, 117, 118, 119] . In quantum mechanics, the Hellmann-Feynman theorem relates the derivative of the total energy with respect to a parameter, to the expectation value of the derivative of the Hamiltonian with respect to that same parameter. According to the theorem, once the spatial distribution of the electrons has been determined by solving the Schrödinger equation, all the forces in the system can be calculated using classical electrostatics. This theorem find some of its application in the calculation of intramolecular forces in molecules. Assuming that the Hamiltonian H for a particular quantum system is a function of some parameters q, and denoting the eigenvalues and eigenfunctions of H, respectively, by E nℓ (q)and U nℓ (q) theoretically we have that
provided that the associated normalized eigenfunction U nℓ (q) is continuous with respect to the parameter q. The effective Hamiltonian of the TW diatomic molecular potential radial wave function is given by
Having determined the effective Hamiltonian of the TW diatomic molecular potential, we can thus find the expectation values of the the following parameters
• The expectation value of V by setting q = D, we can find
• The expectation value of p.
By setting q = µ, we can find
It is pertinent to note that the expectation of the kinetic energy can be simply be obtain from the above result by using the relation
• The expectation value of r −2 .
By setting q = ℓ, we can find
20 Table 5 : 
(eVÅ −1 ) corresponding to T-W potential with various n and ℓ quantum numbers for 
Relativistic solutions of the Klein-Gordon equation and the Dirac equation for the TW diatomic molecular potential
The solutions of Klein-Gordon and Dirac equations are very significant in describing the nuclear shell structure. They are used to describe the particle dynamics in relativistic quantum mechanics. We obtain the approximate relativistic solutions of these equations in the presence of TW diatomic molecular potential via two eigensolution approach.
Relativistic treatment of the spin-zero particles subject to the TW diatomic molecular potential: Functional analysis approach
The three dimensional Klein-Gordon equation with the scalar and vector potential can be written as follows
where M and E R represent the rest mass and energy of the spin-zero particle, respectively.
The scalar potential S(r) and vector one V (r) are chosen as equal TW potentials as defined in equation (4) . By taking ψ(r, θ, φ) = R nℓ (r)Θ(θ)e ±imφ r and substituting it into equation (34), we obtain the radial part of the Klein-Gordon equation as:
The above equation is solvable for ℓ = 0 [7] but when it is not solvable for ℓ = 0. We therefore resort to use approximation expression (6) to deal with the centrifugal term. Then, we obtain the following equations
23 where
It is worth to be noted that only the choice V s = +V v produces a nontrivial nonrelativistic limit with a potential function 2V v (r), and not V v (r). Accordingly, it would be natural to scale the potential terms in equation (35) so that in the nonrelativistic limit the interaction potential becomes V , not 2V [122] . Thus, we have implement this modifications in equation (36) 
where we have introduced the following notations to avoid mathematical complexity:
ζ, β and γ are given by
Now by considering the finiteness of the solutions, it be readily seen from equation (37) that R nℓ (z) approaches infinity unless ζ is a negative integer. This implies that the wave function R nℓ (z) will not be finite everywhere unless we take
Thus, the relativistic energy spectrum can be found by utilizing equation (40) as:
Hence, with equation (40), the expression for β given by equation (39) can be rewritten as
and the total radial wave functions can be written as
Before we proceed, let us first obtain the non-relativistic limit of equation (41) and eigenfunctions (43) of the TW diatomic molecular potential potential. de Souza Dutra et al [125] noted that there is possibility of obtaining approximate non-relativistic (NR) solutions from relativistic (R) ones. Very recently, Sun [125] proposed a meaningful approach for deriving the bound state solutions of NR Schrödinger equation (SE) from the bound state of R equations.
The essence of the approach was that, in NR limit, the SE may be derived from the R one when the energies of the potential V (r) are small compared to the rest mass mc 2 , then the NR energy approximated as E N R → E − mc 2 and NR wave function is the ψ N R (r) → ψ(r).
That is, its NR energies, E N R can be determined by taking the NR limit values of the R eigenenergies E. For this purpose we apply the following appropriate transformations.
then we can have the energy equation as
and the eigenfunction as
where N nℓ is normalization constant. It is pertinent to note that the results we obtain in equations (45) and (46) as a non-relativistic limit solutions are exactly the same with the ones we obtain previously for Schrödinger system. particles interacting with arbitrary scalar potential S(r), the time-component V (r) of a four-vector potential and the tensor potential U(r) can be expressed as [126, 127] 
Fermionic massive spin-
where E r , p and M denote the relativistic energy of the system, the momentum operator and mass of the particle respectively. α and β are 4 × 4 Dirac matrices. The eigenvalues of the spin-orbit coupling operator are κ = j + nucleons that commutes with the Dirac Hamiltonian. Thus, the spinor wave functions can be classified according to their angular momentum j, the spin-orbit quantum number κ and the radial quantum number n. Hence, they can be written as follows:
where F nκ ( r) and G nκ ( r) are the radial wave functions of the upper-and lower-spinor components respectively and Y ℓ jm (0, φ) and Yl jm (0, φ) are the spherical harmonic functions coupled to the total angular momentum j and it's projection m on the z axis. The orbital angular momentum quantum numbers ℓ andl refer to the upper and lower components, respectively.
The quasi-degenerate doublet structure can be expressed in terms of pseudospin angular momentum s = 1/2 and pseudo-orbital angular momentuml, which is defined asl = ℓ + 1 for the aligned spin j =l1/2 andl = ℓ − 1 for the unaligned spin j =l + 1/2. Substitution of equation (48) into equation (47) yields the following coupled differential equations:
where ∆(r) = V (r) − S(r) and (r) = V (r) + S(r) are the difference and sum potentials respectively. On solving equation (49), we obtain the following Schrödiger-like differential equation with coupling to the r −2 singular term and satisfying F nκ (r) and F nκ (r) respectively as:
The spin-orbit quantum number κ is related to the orbital angular momentum quantum number ℓ via κ(κ − 1) =l(l + 1) and κ(κ + 1) = ℓ(ℓ + 1).
Spin symmetry solutions of the Dirac equation with TW diatomic molecular potential:
In the spin symmetry limit, d∆(r) dr = 0 or ∆(r) = C s = constant. We take
and as a consequence, we can rewrite equation (50) as
where we have approximate the centrifugal term by approximation (6) and have also introduced the following parameters for conviniency: (54) for mathematical simplicity. Now, let us apply the basic concepts of the supersymmetric quantum mechanics formalism and shape invariance technique to obtain approximate relativistic solution to the above equation (54) . For a good SUSY, the ground-state function for the upper component F nk (r) can be written in the form of
where W (r) is named as a superpotential in supersymmetric quantum mechanics [93, 94, 95] .
Now by Substituting equation (55) into equation (53), we obtain the following equation for W (r):
where the E s 0 denotes the ground-state energy. Since it is required that the superpotential should be made compatible with the right hand side of non-linear Riccati equation (56), therefore, we take the superpotential W (r) as
where M a and M b are two parametric constant to be determine later. We now construct a pair of supersymmetric partner potentials V − (r) and V + (r) as follows
On comparing equation (58) with (56), we can establish the following relationship between the parametric constants an other variables
Since our interest lies only in the bound-state solutions; which demands that the radial part of the wave function F nκ must satisfy the boundary conditions
By considering these regularity conditions and their consequences (i.e. the restriction condi-
, we can solve equations (60b) and (60c) to have
28
From these relations , we can obtain the supersymmetric partner potentials V − (r) and V + (r)
as
With the help of equations (63) and (64), we get the following relationship, which is satisfied by the partner potentials V − (r) and V + (r),
where a 0 = M b , a 1 is a function of a 0 , i.e., a 1 = h(a 0 ) = a 0 c h α, and the reminder R(a 1 ) is independent of r, R(a 1 ) =
. Consequently, a n = f (a 0 ) = a 0 − nc h α with the remainder R(a n ) = . We see that the shape invariance holds via a mapping of the form M b → M b − α. Thus, the energy spectra of the potential V − (r) can be determined by using the shape invariance approach and the following results can be obtained
where n = 0, 1, 2, 3, .... denotes the quantum numbers. We can obtain the energy levels of system as
Thus, the relativistic energy spectrum can be obtain directly from equation (67) as follows:
Pseudospin symmetry solutions of the Dirac equation with the TW diatomic molecular potential
In the pseudospin symmetry limit,
= 0 or (r) = C ps = constant. By taking
and then substitute it into equation (51), we can find:
where we have introduced the following parameters for mathematical simplicitȳ
By employing the same procedure of solving equation (50), we obtain the relativistic energy spectrum equation for the TW potential with pseudospin symmetry within the framework of Dirac theory as
Let us remark that a careful inspection to our present spin-symmetric solution shows that it can be easily recovered by knowing the relationship between the present set of parameters 30 (V ef f , E ps ) and the previous set of parameters (V ef f , E s ). This tells us that the positive energy solution for spin symmetry (negative energy solution for pseudospin symmetry) can be obtained directly from those of the negative energy solution for pseudospin symmetry (positive energy solution for spin symmetry) by performing the following parametric mappings: 
Nonrelativistic limit
Let us now present the non-relativistic limit. This can be achieved when we set C s = 0 and by using the mapping E nκ − M = E nrℓ and E nκ + M = 2μ h 2 in equation (68) and (69), then the resulting energy eigenvalues are:
It is worth to be paid attention to that despite variation in calculations, equation (76) which is the nonrelativistic limit of the spin Dirac-TW problem and equation (45) which happen to be the nonrelativistic limit of Klein-Gordon-TW problem are exactly the same as the one we obtain for the Schrödinger system in equation (18) . We have completed the first fold of this work, however, this investigation is not complete without computing information-theoretic quantity.
Information-theoretic measures for TW diatomic molecular potential
Recently, the information theory of quantum-mechanical systems have aroused the interest of many Theoretical Physicist [28, 128, 129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139] . This due to the following fact:
• It provides a deeper insight into the internal structure of the systems [132] .
• It is the strongest support of the modern quantum computation and information, which is basic for numerous technological developments [133, 134] .
In this section, the probability distributions which characterize the quantum-mechanical states of TW diatomic molecular potential are analyzed by means of a complementary information measures of a probability distribution called as the Fishers information entropy.
This information measures was originally introduced in 1925 by R. A. Fisher in the theory of statistical estimation [135, 136] . This provides the main theoretic tool of the extreme physical information principle and a general variational principle which allows one to derive numerous fundamental equations of physics such as: The Maxwell equations, the Einstein field equations, the Dirac and Klein-Gordon equations, various laws of statistical physics and some laws governing nearly incompressible turbulent fluid flows [28, 137, 138, 139] . This probability distribution is defined as
where∇ is the gradient operator in polar coordinates. Since equation (3) was obtained from the original Schrödinger equation via the variable separable method using the wavefunction Ψ(r, θ, ϕ) = G(r)Y ℓm (θ, ϕ) with G(r) = r −1 U nℓ (r). We can therefore obtain the radial probability distribution function for this problem as
where ℵ = N 2 nℓ . The Fisher information entropy of the radial probability distribution function can be calculated by using
It should be noted that the present calculation becomes rather difficult and too cumbersome due to the interval of the variable [0, c h e α ]. To overcome this difficulty, as shown in Ref. we can therefore calculate I(ρ) as
In order to calculate the integral (80), firstly we obtain the first derivative of the radial probability distribution function as
where we have used the parametersũ = 2p,ṽ = 2q − 1 for simplicity and then utilized the following properties of Jacobi polynomials [110] (
It is very straightforward calculation to show that
Thus, the Fisher information entropy can be calculated by substituting equation (83) into equation (80) and then decompose into a sum of three integrals to have
with
2n +ũ +ṽ + 2q p + q + n 2 I b − (n +ũ +ṽ)(n +ṽ) (2n +ũ +ṽ) n(n +ũ) 2n +ũ +ṽ + 2q I a , where we have utilized the relation (n +ũ)Pũ 
By using the standard integral 6 (A1), we can find I a as 
By using the standard integral [110] of the appendix (A2), I b can be calculated as I b = Γ(2p + n + 1)Γ(2q + n) n!(p + q + n)Γ(2p + 2q + n) (88)
Also, by using the standard integral [110] of the appendix (A2), I b can be calculated as I c = Γ(2p + n + 1)Γ(2q + n) n!pΓ(2p + 2q + n) (90)
The above integral can be calculated in a similar fashion as I a . Thus we find 
Since there are no available standard integral in the literature to calculate I e , we therefore resort to split the integral into two as I e = (n + v) n(n +ũ) 2n +ũ +ṽ + 2q I a + 
where we have used the following notations of the Jacobi polynomial [110] P (ũ,ṽ−1) n (s) = P 
Now, by using the integral relation [110] given by appendix (A4), we can now calculate I e as I e = (n +ṽ) n(n +ũ) 2n +ũ +ṽ + 2q I a + Iẽ,
with Iẽ = (n + v) n(n +ũ) 2n +ũ +ṽ + 2q (−1) n Γ(n + 2q)Γ(2p + n) n!qΓ(2p + 2q − 1 + n) 3 F 2 −n, 2 + 2p + 2q, 2p + n 2p + 1, 2p + 2q + n − 1 1 . 
where we have also used the relation (95) . Finally, by using the integral [110] of appendix (A5)
with If = 2(−1) n Γ(n + 2q)Γ(2p + 1)Γ(n + 2p) n!Γ(n + 2p + 2q)Γ(2p + n + 1)Γ(1 − n) (n +ṽ) p + q + n 2 .
Main Result
The Fisher information entropy embedded by the radial probability distribution function can be calculated from equations (84)- (100) 
Numerical Results
In table 3, we present spectroscopic parameters for some diatomic molecules which are taken from the interesting work of Gordillo-Vizquez and Kunc [5] . In the case of non-relativistic (5) and (6) . We have shown the behavior of the energy of non-relativistic limit of TW potential as a function of b h , µ, c h , r e and D in figures (2-6). We have also represented the behavior of energy of TW potential for different values of n and ℓ in figures (7-11).
The energy of Dirac equation in the case of spin symmetry limit and pseudospin symmetry limit under the TW diatomic molecular potential is represented in tables (7) and (8), respectively,
for different values of n and κ. From table (7), we can deduce that there are degeneracies between the eigenstates (np 1/2 , np 3/2 ), (nd 3/2 , nd 5/2 ), (nf 5/2 , nf 7/2 ), (ng 7/2 , ng 9/2 ), etc. It is worth mentioning that each of these eigenstates form a spin doublet. For example, for any specific value of n, where n = 0, 1, 2, ..., np 1/2 with κ = 1 is considered as the partner of np 3/2 with κ = 2. Again, from table (8), we can deduce that there are degeneracies between the eigenstates (ns1/2, (n − 1)d 3/2 ), (np 3/2 , (n1)f 5/2 ), (nd 5/2 , (n − 1)g 7/2 ), (nf 7/2 , (n − 1)h 9/2 ), etc.
It is worth noting that, each of these eigenstates form a pseudospin doublet. For example, for specific value of n = 1, 1s 1/2 with κ = −1 is considered as the partner of 0d 3/2 with κ = 2.
Thus, states that have pseudo orbital angular momentuml quantum numbers, radial n and n − 1 with j =l − 1/2 and j =l + 1/2, respectively, are degenerate.
Conclusions
In this paper, we have shown the beauty about eigensolution techniques via an approximate bound state solutions of the Schrödinger, Klein-Gordon and Dirac equations for TW diatomic molecular potential. For each type of wave equations and by applying an approximation to the centrifugal term, we obtained the energy eigenvalues and the corresponding wave functions for any quantum state. For further guide to interested readers, we provided some numerical data and figures, which discuss the energy spectrum in each case. The probability distributions of TW diatomic molecular potential were also analyzed. Our obtained solutions find application in various branches of physics and chemistry where non-relativistic and relativistic systems are investigated.
